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Abstract 

We generalize some results in Hodge theory to generalized normal 
crossing varieties. 

1 Introduction 

A normal crossing variety is defined to be a variety which is locally isomor- 
phic to a normal crossing divisor in a smooth variety. Similarly we define a 
generalized normal crossing variety as a variety which is locally isomorphic 
to a direct product of normal crossing divisors in smooth varieties. Thus a 
generalized normal crossing variety is a generalized normal crossing divisor 
in a generalized normal crossing variety of codimension one less. For exam- 
ple, a fiber of a semistable family is a normal crossing variety, and a fiber 
of a semistable family of Abramovich and Karu [1] is a generalized normal 
crossing variety. If each irreducible component of the intersections of some of 
the irreducible components are smooth, then it is called a generalized simple 
normal crossing (GSNC) variety. 

The purpose of this paper is to prove that some Hodge theoretic state- 
ments for smooth varieties can be generalized to generalized simple normal 
crossing varieties. It is similar to the extensions in jlO] on simple normal 
crossing varieties. 

As an application, we modify the contents of ^ §4, and correct an error 
in the proof of [9j Theorem 4.3. Fujino [B] found a simpler alternative proof 
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of its main theorem, but our construction which shows that the original proof 
works might also be useful sometime. 

In §1, we give definitions concerning the GSNC varieties and GSNC pairs. 
We prove some lemmas on desingularizations and coverings. In §2, we con- 
struct a cohomological mixed Hodge Q-complex on GSNC pairs. The results 
in §2 are generalized to relative settings in §3, and we prove decomposi- 
tion theorems when the restricted morphisms from all the closed strata are 
smooth. We extend the results to the case where there are degenerate fibers 
in §4 by using the theory of canonical extensions. We prove a vanishing the- 
orem of Kollar type for GSNC varieties in §5 following the original proof of 
[T^ . It is generalized to the Q-divisor version by using the covering lemma, 
thereby finishing the modification of the argument in [S]. 

We work over the base field C. 

2 GSNC pairs 

A reduced complex analytic space X is said to be a generalized simple normal 
crossing variety (GSNC variety) if the following conditions are satisfied: 

1. (local) At each point x G X, there exists a complex analytic neighbor- 
hood which is isomorphic to a direct product to normal crossing vari- 
eties, i.e. varieties isomorphic to normal crossing divisors on smooth 
varieties. 

2. (global) Any irreducible component of the intersection of some of the 
irreducible components of X is smooth. 

The first condition can be put as follows: there exists a complex ana- 
lytic neighborhood X^ at each point x which is embedded into a smooth 
variety V with a coordinate system such that X^ is a complete intersection 
of divisors defined by monomials of coordinates. The level of X at x is the 
smallest number of such equations. For example, a fiber of a semistable fam- 
ily ([T]) satisfies the first condition. X is locally complete intersection, hence 
Gorenstein and locally equidimensional. 

A closed stratum of X is an irreducible component of the intersection 
of some of the irreducible components of X. A closed stratum is smooth 
by assumption. In the case where X is connected, let X^"! for an integer n 
denote the disjoint union of all the closed strata of codimension n in X. 
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The combinatorics of the closed strata is described by the dual graph. It 
is a cell complex where a closed stratum of codimension n corresponds to an 
n-cell. Any cell is a direct product of simplices due to the local structure of 
X. 

Proposition 1. There is a Mayer- Vietoris exact sequence 

Qx Qxio] Qxw ■ ■■ ^ Qxw ~^ 

where N — dim X and the arrows are alternating sums of restriction homo- 
morphisms. 

Proof. We assign fixed orientations to the cells of the dual graph. Then the 
corresponding chain complex has boundary maps as alternating sums. The 
sign convention of the sequence of the constant sheaves is defined accordingly. 
Since each cell is contractible, the sequence is locally exact. □ 

A Cartier divisor D on X is said to be permissible if it does not contain 
any stratum. We denote hj D\y the induced Cartier divisor on a closed 
stratum Y . A generalized simple normal crossing divisor ( GSNC divisor) B 
is a permissible Cartier divisor such that B\y is a reduced simple normal 
crossing divisor for each closed stratum Y . In this case B is again a GSNC 
variety of codimension 1 in X. Namely a GSNC divisor on a GSNC variety of 
level r is a GSNC variety of level r + 1. Such an inductive structure may be an 
advantage. If is a permissible Q-Cartier divisor whose support is a GSNC 
divisor, then the round up is well defined. We have '"-D"'|y = '"-D|y"' for 
any closed stratum Y . 

A generalized simple normal crossing pair ( GSNC pair) (X, B) consists of 
a GSNC variety X and a GSNC divisor _B on it. For each closed stratum Y 
of X, we denote By — B\y. We denote by Bxm the union of all the simple 
normal crossing divisors By for irreducible components Y oi X^^\ A closed 
stratum of the pair (X, B) is an irreducible component of the intersection of 
some of the irreducible components of X and B. 

A morphism f : X' ^ X between two GSNC varieties is said to be a 
permissible birational morphism if it induces a bijection between the sets of 
closed strata of X and X', and birational morphisms between closed strata. 
A smooth subvariety C of X is said to be a permissible center for a GSNC 
pair (X, B) if the following conditions are satisfied: 

1. C does not contain any closed stratum, and the scheme theoretic in- 
tersections Cy of C and the closed strata Y are smooth. 
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2. At each point x G Cy, there exists a coordinate system in a neigh- 
borhood of X such that By and Cy are defined by ideals generated by 
monomials. 

A blowing up / : X' — X whose center is permissible with respect to 
a GSNC pair {X, B) is called a permissible blowing up. It is a permissible 
birational morphism from another GSNC variety, and the union of the strict 
transform of B and the exceptional divisor is again a GSNC divisor. 

The following is a corollary of a theorem of Hironaka [7J . 

Lemma 2. Let (X, B) be a GSNC pair. Consider one of the following situ- 
ations: 

(a) Let f : X --■> S be a rational map to another variety whose domain 
of definition has non-empty intersection with each closed stratum of the pair 
iX,B). 

(b) Let Z be a closed subset which does not contain any closed stratum of 
the pair (X, B) . 

Then there exists a tower of permissible blowing-ups 

g : (X„, 5„) ^ (X„_i, Bn-i) ^ ^ (Xq, Bo) = (X, B) 

where is the union of the strict transform of Bi and the exceptional 

divisor, satisfying the following: 

(a) There is a morphism h : X„ — )■ 5* such that h = f o g. 

(b) The union B^ = Bn U g~^{Z) is a CSNC divisor on X„. 

Proof, (a) We reduce inductively the indeterminacy locus of the rational map 
/. For an irreducible component Y of X, the restriction of / to F is resolved 
by a tower of permissible blowing-ups of the pair (F, By) by the theorem of 
Hironaka. Since the indeterminacy locus of / does not contain any closed 
stratum, the centers of the blowing-ups do not contain any closed stratum 
either. Moreover this property is preserved in the process. Therefore the 
same centers determine a tower of permissible blowing-ups of (X, 5). If we 
do the same process for all the irreducible components of X, then we obtain 
the assertion. 

(b) is similar to (a). We resolve Z at each irreducible component Y of 
X, since Z does not contain any closed stratum of the pair (F, By). □ 

We generalize a covering lemma [8]: 
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Lemma 3. Let (X, B) be a quasi-projective GSNC pair. Let Dj (j = 
l,...,r) be permissible reduced Cartier divisors which satisfy the following 
conditions: 

1. D, C B. 

2. Dj and Dji have no common irreducble components if j ^ j' . 

3. Dj n Y are smooth for all Dj and closed strata Y of X. 

Let dj be rational numbers, and D = '^djDj. Then there exists a finite 
surjective morphism from another GSNC pair it : {X', B') — )■ (X, B) such 
that B' = 71^^ (B) and tt*D has integral coefficients. 

Proof. The proof is similar to [B] Theorem 17, where the Dj play the role of 
the irreducible components of D. □ 

3 Hodge theory on a GSNC pair 

We construct explicitly the mixed Hodge structures of Deligne [3] for GSNC 
pairs. 

Let (X, B) be a GSNC pair. We do not assume that X is compact at the 
moment. We define a cohomological mixed Hodge complex on X when X is 
projective. We can extend the construction in (TU] to a GSNC pair, but we 
use here the De Rham complex of Du Bois. The underlying local system is 
the constant sheaf Q in our case, while it is different and more difficult in 
the former case. 

We define a De Rham complex fl'xilog B) by the following Mayer- Vietoris 
exact sequence: 

^ Vt\{\ogB) ^];^[oJ(logS^[o]) ^ Vl\y^^{\ogBx[i]) 
> Q'xiMiilogBxiN]) 

where N = dim X and the arrows are the alternating sums of the restriction 
homomorphisms. We have 0^ = Ox, and 

m,Cx\B = ^x{^ogB) 

for the open immersion i : X \ B ^ X. 
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We define a weight filtration on the complex Q'j^(\ogB) by 

-> WgiQ'AlogB)) ^ Wg{ny,{\ogBxio,)) ^ W^,+i(fi;,„j(logi?xw)) ^ 
^ Wg+Ni^xiN]i\ogBx[N])) -> 

where the W^s from the second terms denote the filtration with respect to 
the order of log poles. 

We define a weight filtration Wq{Ri^,Clx\B) as a convolution of the follow- 
ing complex of objects 

T<q{R{io)*Qxio]\B^[o]'> ~^ ^<'?+i(^(^i)*Qxm\B_^[ij) 

■■ ■ ^ T <q+N{R{iN)*Qxm\B^irf] ) 

where r denotes the canonical filtration and ip : X^^l \ -B^w ^ -^''''^ are open 
immersions, such that there are isomorphisms 

Wq{Rt,Qx\B) ® C = Wq{n'x{hgB)) 

for all q as in |10j . 

We define a Hodge filtration stupid filtration: 

F^(n;,(log5))=n|^(logS). 
Then we have the following whose proof can be compared to [10] Lemma 3.2: 
Lemma 4. 

Gr^ {Rt,Qx\B) = Qy[-2p-g] 

p>0,dimX W —dim Y=p+q 

Gr^in'xi\ogB))= fi^[-2p-g] 

p>0,dimXM -dim Y=p+q 

F^{Gr^m\ogB))) = n^'-^'-'^[-2p - g] 

p>0,(ijmJ('lPl —dim Y=p+g 

where the p run all non-negative integers and the Y run all the closed strata 
of the pair {X^\ BxIp] ) of codimension p + q. 



6 



Proof. We have 

GT'^{mMx\B) = R''-'{^p)*Qxl.^\B^,,, [-2p - q] 
p 

^ QY[-2p-q] 

p>0,dimX W —dim Y=p+q 

GrJ^(n^(logi?)) - 0GrJ^,(n;,„i(log5xbi))[-p] 

p 

- l^^[-2p-g] 

p>0,dimX W —dim y=p+5 

F^(Grf (O;,(logi?))) = 0Gr^^^(F'^(n^,,(log5xw)))[-p] 

p 

p>0,djmX W -dim Y=p+q 

□ 

As a corollary, we have the following whose proof is similar to [10] Theo- 
rem 3.3: 

Theorem 5. Let {X,B) be a GSNC pair. Assume that X is projective. Then 

{{m.Qx\B,W),{n'A\ogB),W,F)) 
is a cohomological mixed Hodge Q-complex on X . 

Proof. If y is a closed stratum of the pair (X'^l, BxIp]) of codimension p + q, 
then 

(Qy,fi^,F(-p-g)) 

is a cohomological Hodge Q-complex of weight 2{p + q), where F{—p — qY = 
pr-p-q_ Hence 

(Qy [-2p - q],Q'Y[-2p - q], F{-p - q)[-2p - q]) 
is a cohomological Hodge Q-complex of weight 2{p + q) — 2p — q = q. □ 
Corollary 6. The weight spectral sequence 

= HP^'^{Gr'^,^iRiMx\B)) Hf+'^iQx\B) 
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degenerates at E2, and the Hodge spectral sequence 



degenerates at Ei . 



Proof. This is [1] 8.1.9. 



□ 



When B = 0, we have more degenerations: 



Corollary 7. The weight spectral sequence of the Hodge pieces 




degenerates at E2 for all r. 

Proof. The differentials wd^'^ of the weight spectral sequence in the pre- 
vious corollary preserve the degree of the differentials. Therefore the E2- 
degeneration of the third spectral sequence is a consequence of the first two 



4 Relativization 

We can easily generalize the results in the previous section to the relative 
setting when all the closed strata are smooth over the base. 

We consider the following situation: (X, B) is a pair of a GSNC variety 
and a GSNC divisor, 5* is a smooth algebraic variety, which is not necessarily 
complete, and / : X — )■ 5* is a projective surjective morphism. We assume 
that, for each closed stratum Y of the pair (X, S), the restriction f\Y :Y ^ S 
is surjective and smooth. 

We define a relative De Rham complex fl^^ g(log B) by the following exact 
sequence 



degenerations. 



□ 



(logBxiN] ) ^ 0. 



In particular we have 



0° 



''x/si^ogB) = Ox. 
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A weight filtration on the complex fl'j^^g(\ogB) is defined by using the 
filtration with respect to the order of log poles on the closed strata as in the 
previous section: 

^ w.in'^/si^ogB)) ^ PF,(fi;,[o,/<,(iog5x[o])) 

y Wg+N{^xiN]/s(^og BxiN]) 0. 

We define a Hodge filtration by 

F^{Q'A^ogB)) = Q^^{logB). 
Lemma 8. There is an isomorphism 

Ri.Cx\B ® r'Os = n'x/s{\ogB) 

such that 

w,im,Cx\B) ® f-'Os = w,in-x/si\ogB)). 

We have again: 
Lemma 9. 

Gr^iQ'x^si^ogB)) = n'r/sh^P - q] 

p>0,c!jmX W —dim Y=p+q 

F'XGr'^i^x/si^ogB))) - l^?;7"1-2j> " q] 

p>0,dimXiP^ -dim Y=p+q 

where the p run all non-negative integers and the Y run all the closed strata 
of the pair {X^\ BxIp] ) of codimension p + q. 

The following theorem and corrollaries are similar to (TU] Theorem 4.1 
and Corollary 4.2: 

Theorem 10. 

o z),Qx\B, W{-n)), (i?"/*f^x/s(log5), W{-n), F)) 
is a variation of mixed Hodge Q-structures on S. 
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Corollary 11. The weight spectral sequence 

degenerates at E2, and the Hodge spectral sequence 

degenerates at Ei. 

If = 0, then we have again: 
Corollary 12. The weight spectral sequence of the Hodge pieces 

w,rEr = W^'^f.Gr^.iSV^/s) R^^'^m'x/s) 

degenerates at E2 for all r. 

As applications, we deduce decomposition theorems: 

Corollary 13. Let {X, B) be a GSNC pair, S a smooth algebraic variety, 
which is not necessarily complete, and let f : X S be a projective surjec- 
tive morphism. Assume that, for each closed stratum Y of the pair {X,B), 
the restriction /|y : F — > S* zs surjective and smooth. Then there is an 
isomorphism 

R{f o z).Qx\B = R^if o t).Qx\B[-p]. 

Proof. The proof is similar to [TT] Theorem 28. Here we use the weight 
filtration with Lemma HJ the decomposition 

Rf.QY = ^R'f.QY[-p] 

of Deligne [2] for each closed startum Y, and the £'2-degeneration of the 
weight spectral sequence (Corollary [TT]) . □ 

Corollary 14. Under the same assumptions as in Corollary UR there are 
isomorphisms 

Rf*^x/s = ®R'f*^x/s[-p] 

p>0 

for all r. 

Proof. The proof is similar to [H] Theorem 30. Here we use i^i-degeneration 
of the Hodge spectral sequence as well as i?2- degeneration of the weight 
spectral sequence (Corollary [12]). □ 
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5 Canonical extension 



We prove local freeness theorem by using the theory of canonical extensions 
when the degeneration locus is a simple normal crossing divisor. 

Let {S, Bs) be a pair of a smooth projective variety and a simple normal 
crossing divisor. We denote S° = S \ Bs- Let Hq be a local system on S° 
which underlies a variation of mixed Hodge Q-structures. Assuming that all 
the local monodromies around the branches of Bs are quasi-unipotent, we 
define the lower canonical extension 7i ofH = Hq ® Os" as follows. 

We take an arbitrary point s G Bs at the boundary. Let Ni = logTj be 
the logarithm of the local monodromies Tj around the branches of Bs around 
s, and let ti be the local coordinates corresponding to the branches. Here 
we select a branch of the logarithmic function so that the eigenvalues of Ni 
belong to the interval 2tt\/—1{—1, 0]. Then the lower canonical extension "H is 
defined as a locally free sheaf on S which is generated by local sections of the 
form V = exp(— log ti/27iy/—l){v) near s, where the v are fiat sections 

of Hq. We note that the monodromy actions on v and the logarithmic 
functions are canceled and the v are single- valued holomorphic sections of H 
outside the boundary divisors. 

By |15], the Hodge filtration of H extends to a filtration by locally free 
subsheaves, which we denote again by F. 

Let / : X — )■ S" be a surjective morphism between smooth projective 
varieties which is smooth over 5"°. We denote X° = f~^{S°) and f° = f\x°- 
Let H^ = R'^f^Qx" for an integer q, let W = H^ ^ and let W be 
the canonical extension. Then by Kollar [13] and Nakayama [13], there is an 
isomorphism 

which extends a natural isomorphism 

R'f:Oxo = Gil{W). 

The following theorem will be used in the next section: 

Theorem 15. Let (X, B) he a pair of a projective GSNC variety and a GSNC 
divisor, {S, Bs) a pair of a smooth projective variety and a simple normal 
crossing divisor, and let f : X —> S be a projective surjective morphism. 
Assume that, for each closed stratum Y of the pair {X,B), the restriction 
fly '■ Y S is surjective and smooth over S° = S \ Bs- Denote X° = 
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f-\S°) and f° = f\xo. For integers q, let = i?V*Qx° be the local 
system on S° which underlies a variation of mixed Hodge (^-structures defined 
in the preceeding section. Let W = Hq (g) Os°, and let 'W he their canonical 
extensions. Then the following hold: 

(1) The weight spectral sequence of a Hodge piece 

WflE^ = R^^'f.Gr^.iOx) R'^'f.Ox 

degenerates at E2. 

(2) There are isomorphisms 

Wf^Ox = Grl{W) 
which extend natural isomorphisms 

Wf.Oxo = Grl{W) 

for all integers q. 

(3) R^f^Ox are locally free sheaves. 

Proof. We extend the definition of tfie weiglit filtration on Ox° = Gr^(r2^o^^o) 
to Ox by an exact sequence 

^ Wg{Ox) ^ W,{Oxm) W,+,{Oxi.i) 
> W.+xiOxm) 

where Wg{Oxip]) = OxIp] for q > 0, and = otherwise, for any p. By the 
canonical extension, we extend the ii^2-degeneration of the weight spectral 
sequence from S° to 5* as in [TU] Theorem 5.1. Then we reduce the assertion 
to the theorem of KoUar and Nakayama. □ 

We have the following decomposition theorem: 

Corollary 16. Under the same assumptions as in Theorem [731 assume in 
addition that the induced morphisms /|y : F — )■ S" for all closed strata Y 
have well prepared birational models fy : Y' ^ S over S with birational 
morphisms /iy : Y' ^ Y in the sense of Jii]/ . Then there is an isomorphism 

Rf.Ox = ^R'f.Ox[-p]. 

p>0 
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Proof. By [TT] Theorem 30, we have 
Since Rhy^Oy' = Oy, we obtain 

R{f\Y).OY = ^Rnf\Y)*Oy[-p]. 

Then the rest of the proof is similar to [11] Theorem 28 with the aid of the 
i?2-degeneration of the weight spectral sequence. □ 

6 Kollar type vanishing 

We shall generalize the vanishing theorem of Kollar [12] to GSNC varieties: 

Theorem 17. Let X be a projective GSNC variety, S a normal projective 
variety, f : X ^ S a projective surjective morphism, and let L be a permis- 
sible Cartier divisor on X such that OxirriiL) is generated by global sections 
for a positive integer mi. Assume that Ox{m2L) = f*Oz{Ls) for a positive 
integer m2 and an ample Cartier divisor Ls on S , and for each closed stra- 
tum Y of X, the restricted morphism /|y : Y ^ S is surjective. Then the 
following hold: 

(1) Lets G H^{X,Ox{nL)) be a non- zero section for some positive integer 
n such that the corresponding Cartier divisor D is permissible. Then the 
natural homomorphisms given by s 

W\X, OxiKx + L)) H^iX, OxiKx + L + D)) 

are injective for all p. 

(2) Hi{S, RPf^OxiKx + L)) = forp>0 and q>0. 

(3) R^ f^Ox{Kx) are torsion free for all p. 

Proof. We follow closely the proof of [12j Theorem 2.1 and 2.2. We use the 
same numbering of the steps. 

Step 1. We may assume, and will assume from now, that Ox{,L) is gen- 
erated by global sections. 

We achieve this reduction by constructing a Kummer covering and taking 
the Galois invariant part as in loc. cit. 
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Step 2. We prove the dual statement of (1) in the case where n = 1 and D 
is generic: Let s, s' G H^{X, L) be general members, and let D' be the cor- 
responding permissible Cartier divisors. Then the natural homomorphisms 
given by s 

HP{X, Ox{-D - D')) ^ HP{X, Ox{-D')) 

are surjective for all p. 

We go into details in this step in order to show how to generalize the argu- 
ment in loc. cit. to the GSNC case. Since s and s' are general, D, D', D + D' 
and DnD' are also GSNC varieties. We consider the following commutative 
diagram: 

Hp~\Od+d') > HP{Ox{-D - D')) > HP{Ox) Hp{Od+d') 

Hp-\Od') > HP{Ox{-D')) > HP{Ox) Hp{Od') 

In order to prove our assertion, we shall prove that (a) bp_i is surjective, and 
(b) Ker(dp) = Ker(e;). 

(a) We consider the following Mayer- Vietoris exact sequence 

HP-\CnnD') Hp{Cd+d') ^ {C d) ® {C d') ^ H^iConD') 

whose Gr^ is 

There is a path connecting D and D' in a linear system \L\ on X which 
gives a diffeomorphism of pairs {D, D f] D') {D', D n D') fixing D n D'. 
Therefore we have an equality Im(cp) = Im(Cp), which implies that bp is 
surjective. Hence so is b'^. 

(b) It is sufficient to prove that Im{dp) n Ker{bp) = 0. Using a path 
connecting D and D', we deduce that Ker(ep) = Ker(ep) for : Hp{Ox) 
Hp{Od). Thus 

Im(dp) n KeT{bp) = Im{dp) n Ker{bp). 

Therefore it is sufficient to prove that Im(ap) fl Im(dp) = 0. We shall prove 
that 

Im(ap) n lm{dp) n W,{HP {O d+d')) = 
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by induction on q. 
Let 

dp,, : GrY(HP(Ox)) ^ Gr^ {HP{Od+d')). 
be the natural homomorphisms. Then it is sufficient to prove that 

lrn.{ap,q) H lrn.{dp,g) = 0. 
For A — X,D (1 D' or D + D', we have the following spectral sequences 

dim A— dim Y=r 

Therefore dp ^ is induced from the sum of homomorphisms H^{Oy) — >■ H^{Oy') 
such that s = q,Y C X,Y' C D + D',Y' CY and 

r = dimX - dimy = dim{D + D') - d\mY' ^ p - q 

hence Y' ^Y r\ D or Y' ^Y n D' . 

On the other hand, ap,q is induced from the sum of homomorphisms 
H'{Oy") H'{Oy>) such that s ^ q,Y" d D f\ D' ,Y' d D + D', Y" = Y' 
and 

r = dim(D n D') - diuiY" + 1 = dim(D + D') - dimF' = p - q. 

Therefore there is no closed stratum Y' oi D + D' which receives non-trivial 
images from both Y and Y", hence we have our assertion. 

Step 3. (1) in the case where n = 2'^ — 1 for a positive integer d and D 
generic is an immediate corollary of Step 2. 

Step 4- Proof of (2) is the same as in loc. cit. 

Step 5. Proof of (3). 

This is a generalization of Step 2. Wc use the notation there. D' is again 
generic but D is special. More precisely, D is special along a fiber /~^(s) 
over a point s E S and generic otherwise. Therefore the intersection D f] D' 
is still generic, hence a GSNC variety. 

Let yU : X — 7> X be the blowing-up along the center D fl D'. X is again 
a GSNC variety. We denote by Y the closed stratum of X above a closed 
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closed stratum Y of X. Let g : X he the morphism induced from the 

hnear system spanned by D and D'. Let U C be an open dense subset 
such that the restricted morphisms gly '■ Y ^ are smooth over U for all 
the closed strata Y. 

(a) In order to prove that bp is surjective, we need to prove an inclusion 
Im(Cp) C Im(cp). For this purpose, we shall prove 

Im(Cp) = lm(cp o Cp). 

Since Cp o Cp = c'p o e'p, the right hand side is contained in the left hand side. 
The other direction is the essential part. We note that both and Cp o 
are parts of homomorphisms of mixed Hodge structures. 

Let Xu = g~^{U) and Yjj = Y r\ Xjj- Then natural homomorphisms 

Wg,C^^^H^{CnnD')^U 

Wg^Cy^ ^ W\Cyr,DnD') X U 

underlie respectively morphisms of variations of mixed and pure Hodge struc- 
tures over [/, where the targets are constant variations. 

By the semi-simplicity of the category of variations of pure Hodge struc- 
tures of fixed weight ([S]), we deduce that the local system RPg^^Cy^j has a 
subsystem which is isomorphic to a trivial local system with fiber Im(Cp y) 
for c'p Y '■ Hp^Cydd') — ^ HP^CvnDnD'))- Then by the invariant cycle theorem 
([3]), we deduce 

lm{c'p^y) C lm{H%U,RPg,Cy^) ^ H^iCynDnD')) 
= lm{H'f'{Cy) ^ ifP(CynDnD')) 

where the second and third homomorphisms are derived from the restrictions 
to the fiber D' of g. Since the combinatorics of the closed strata are the same 
for X and D (1 D', we have 

Im(c;) = Im(i7^'(C^) ^ miCnnD'))- 

Since H'p{Ox) = H^^Ox), we have our assertion. 

(b) There is an obvious inclusion Ker (c/p) C Ker(ep). We know already 
that 

HP{Oxi-D - D')) ^ H^iOxi-D)) 
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is surjective, because it is a statement which is independent of D. Thus we 
have Ker((ip) = Ker(ep). Therefore it is sufficient to prove 

rank(ep) = rank(ep). 

As explained in the next Step 6, the sheaves BFg^^Ox are locally free for 
all p. Therefore we have h'^lOo) = h^lOo'), where we denote = dimH^. 
We compare two exact sequences 

^ Oxi-D) ^Ox ^Od^O 
^ Oxi-D') Ox Od' 0. 

Since the corresponding /i^'s are equal, we deduce that the ranks of the 
corresponding homomorphisms of the long exact sequences are equal, and 
we are done. 

Step 6. This is our Theorem [T3 

Step 7. Proof of (1) is the same as loc. cit. □ 

Finally we can easily generalize the vanishing theorem to the case of Q- 
divisors by using the covering lemma (Lemma [3]): 

Theorem 18. Let X he a projective GSNC variety, S a normal projective 
variety, f : X ^ S a projective surjective morphism, and let L be a permissi- 
ble Q,-Cartier divisor on X such that rriiL is a Cartier divisor and Ox{miL) 
is generated by global sections for a positive integer mi. Assume that the sup- 
port of L is a GSNC divisor, Ox{jn2L) = f*Oz{Ls) for a positive integer 
m2 and an ample Cartier divisor Ls on S, and for each closed stratum Y of 
X , the restricted morphism /|y : Y ^ S is surjective. Then the following 
hold: 

(1) Lets G H^{X, Ox{nL)) be a non-zero section for some positive integer 
n such that the corresponding Cartier divisor D is permissible. Then the 
natural homomorphisms given by s 

HP{X, Ox{Kx + ^L^)) ^ H^iX, Ox{Kx + ^L^ + D)) 

are injective for all p. 

(2) H^iS, RPf,Ox{Kx + ^L^)) = for p > and q > 0. 



17 



Proof. We take a finite Kummer covering vr : X' — )■ X from anotlier GSNC 
variety sucli that tt*L becomes a Cartier divisor. Let G be the Galois group. 
Then we have 

(n^OxiKx + L)f = OxiKx + ^L^). 

Therefore our assertion is reduced to the case where L is a Caritier divisor. 

□ 
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